Numerical solutions of hyperbolic equations — wave breaking leads the way
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Solutions of hyperbolic equations might enjoy wave breaking in finite time. This means that
classical solutions in general do not exist globally, but only locally in time, since a directional
derivative might become unbounded pointwise, while the solution itself remains bounded and
continuous. In addition, energy may concentrate on sets of measure zero when wave breaking
occurs. As a consequence the prolongation of solutions beyond wave breaking is non-unique and
depends heavily on how the concentrated energy is manipulated.

In this talk, we will first focus on the Hunter—Saxton equation and on a-dissipative solutions,
i.e., solutions where the energy is manipulated at breaking time by taking out an a-part of
the concentrated energy. Guided by analytical methods and results, we will present a numerical
method for a-dissipative solutions, which can handle any « € [0, 1] and in particular the two most
prominent types of solutions: conservative, i.e., « = 0, and dissipative, i.e., « = 1. Convergence is
obtained for any admissible initial data, while a convergence rate is derived under some additional
constraints on the initial data.

Second, we will turn our attention towards the nonlinear variational wave equation, which has
the Hunter—Saxton equation as an asymptotic approximation. We will highlight which additional
difficulties arise, due to considering a second oder hyperbolic equation, and how these influence
the underlying methods and techniques.



