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The development of high-order, well-balanced numerical methods for systems of balance laws
remains an active area of research. Building upon the pioneering contributions of Bermúdez
and Vázquez-Cendón (1994), A.Y. LeRoux (1994–1997), L. Gosse (2001–2002), and F. Bouchut
(2004), numerous strategies have been developed over the past three decades. This presentation
offers an overview of recent approaches to constructing high-order, well-balanced finite volume
schemes, focusing specifically on the general mathematical framework introduced by M. Castro
and C. Parés [2]. The cornerstone of these methods is a well-balanced reconstruction operator
designed to preserve stationary solutions exactly.

The presentation will address two primary topics. First, we discuss the spatial discretization of
complex 1D systems featuring singular source terms, particularly those involving the derivatives
of discontinuous functions. In these cases, we apply the Generalized Hydrostatic Reconstruction
technique [1], which effectively manages the numerical approximation of non-smooth stationary
solutions. Second, we detail the development of high-order, well-balanced implicit and implicit-
explicit (IMEX) schemes for hyperbolic balance laws [3]. These strategies are crucial for the
efficient integration of systems characterized by stiff source terms or multiple scales. They
ensure that the delicate balance between numerical fluxes and source term discretizations is
strictly maintained without compromising computational efficiency.
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